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A. Omitted Proofs

A.1. Proof of Proposition 1

Proof. This proof is a Corollary of Proposition 8, presented in Online Appendix B.2. From
Proposition 8, recall that:

dY “

ˆ

I ´D
´

I ´ pX
¯´1

˙´1

BQ, where D “

«

C1
y1 l

1
L1

pL1 `
`

C1
r1 `G

1
r1

˘

r1Q1

`

C1
r1 `G

1
r1

˘

r1Q2

C2
y1 l

1
L1

pL1 `
`

C2
r1 `G

2
r1

˘

r1Q1

`

C2
r1 `G

2
r1

˘

r1Q2

ff

(OA1)

Under Assumption 1, this reduces to:

D “

«

C1
y1l

1
L1
pL1 0

C2
y1l

1
L1
pL1 0

ff

(OA2)

Simple matrix manipulations show that one may extract just the first I1 rows:

dY 1
“

ˆ

I ´ C1
y1l

1
L1
pL1

´

I ´ pX1
¯´1

˙´1

BQ1 (OA3)

A.2. Proof of Lemma 1

Proof. Starting from Proposition 1 and using that the modulus of C1
y1l

1
L1
pL1

´

I ´ pX1
¯´1

is

less than 1, we can express:

dY 1
“

8
ÿ

k“0

„

C1
y1l

1
L1
pL1

´

I ´ pX1
¯´1

k

BQ1

“ BQ` C
1

y1m̂
8
ÿ

k“0

„

l1L1
pL1

´

I ´ pX1
¯´1

C
1

y1m̂

k

l1L1
pL1

´

I ´ pX1
¯´1

BQ1

~11dY 1
“ ~1TBQ`mT

˜

8
ÿ

k“0

pGm̂qk
¸

By1

(OA4)

where the last line uses the definitions of G and By1, and the fact that ~1TC
1

y1 “
~1T (by

construction).

Finally, ~1TBQ1 “ ~1TBy1 because ~1T ¨ l1L1
pL1pI ´ X̂

1q´1 “ ~1T , since firms earn zero profits.
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A.3. Proof of Proposition 2

Proof. Let b ” ~1T pI ´ Gm̂q´1 be the vector of Bonacich centralities of households in the
income-to-spending network; these are well-defined as we have assumed the modulus of Gm̂
is less than one. Let pbnextqT “ bTG be the row vector with nth entry equal to the average
Bonacich centrality of the household to whom n’s marginal spending flows.

We begin by providing a lemma that exactly decomposes the general equilibrium change
in output in terms of Bonacich centralities.

Lemma 2. For any x P R, the total change in first-period output due to a partial equilibrium
demand shock with unit-magnitude labor income incidence By1 is equal to

~1TdY 1
“ p1` x ¨ EBy1rmnsq ` EBy1rmns

`

EBy1rbnext
n s ´ x

˘

` CovBy1rmn, b
next
n s (OA5)

Setting x equal to the 1
1´MPC

multiplier with the MPC weighted by income y˚, we obtain
an exact decomposition in the spirit of Proposition 2.

~1TdY 1
“

1

1´ Ey˚rmns
loooooomoooooon

Keynesian multiplier

`
EBy1rmns ´ Ey˚rmns

1´ Ey˚rmns
loooooooooooomoooooooooooon

Incidence effect

` EBy1rmns

ˆ

EBy1rbnext
n s ´

1

1´ Ey˚rmns

˙

loooooooooooooooooooooooomoooooooooooooooooooooooon

Biased MPC direction effect

`CovBy1rmn, b
next
n s

looooooooomooooooooon

Homophily effect

(OA6)

Proof. Note that Proposition 1 implies that the change in output resulting from some shock
with unit incidence is given by

~1TdY 1
“ bTBy1

“ ~1TBy1
` bTGm̂By1 (OA7)

Let bnextT “ bTG be the row vector with ith entry equal to the average Bonacich centrality
of the household to which i’s marginal spending flows. We then have, for any x P R:

~1TdY 1
“ 1` EBy1rmnb

next
n s “ 1` EBy1rmns ¨ EBy1rbnext

n s ` CovBy1rmn, b
next
n s

“ p1` x ¨ EBy1rmnsq ` EBy1rmns
`

EBy1rbnext
n s ´ x

˘

` CovBy1rmn, b
next
n s

(OA8)

We can now prove Proposition 2. First, note that:

bn “ 1`mn `Op|m|
2
q “ 1`

mn

1´ Ey˚rmn1s
`Op|m|2q (OA9)
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Substituting this into Equation OA6, we have

~1TdY 1
“

1

1´ Ey˚rmns
`

EBy1rmns ´ Ey˚rmns

1´ Ey˚rmns

` EBy1rmns

ˆ

1`
EBy1rmnext

n s

1´ Ey˚rmn1s
`Op|m|2q ´ 1´

EBy1rmns

1´ Ey˚rmns

˙

` CovBy1

„

mn, 1`
mnext
n

1´ Ey˚rmn1s
`Op|m|2q



“
1

1´ Ey˚rmns
`

EBy1rmns ´ Ey˚rmns

1´ Ey˚rmns
`

EBy1rmns

1´ Ey˚rmns
EBy1rmnext

n ´mns

`

ˆ

1

1´ Ey˚rmns

˙

CovBy1
“

mn,m
next
n

‰

`Op|m|3q

(OA10)

Rearranging yields Equation 18.

A.4. Proof of Proposition 3

The full version of the planner’s problem, Equation 20, is

max
tctni,l

t
n,Q

t
i,G

t
i,τ

t
nutPt1,2u,nPN,iPIt

W ”
ÿ

nPN

µnλn
ÿ

t“1,2

βt´1
n

”

utnpc̃
1
q ´ vtnpl̃

t
q ` wtnpG

t
q

ı

s.t. pc1
n, c

2
n, l

2
nq solves Equation 19 given l1n

Qt
“ µT ct ` pX t

pztqQt
`Gt

pµl1 “ l1ppL1Q1
q, µT l2 “ ~1T pL2

pztqQ2

~1 ” pt “
´

I ´ pX t
pztq

¯´1
pLtpztq~1

~1TG1
`
~1TG2

1` r1
` µT τ 1

`
µT τ 2

1` r1
“ 0

(OA11)

Proof. To begin, we define κtn to be n’s marginal value of additional expenditure in period
t, i.e. for all i, utnci “ κtn (recall prices are normalized to one). Therefore,

dW “
ÿ

nPN

λnµn
ÿ

t“1,2

βt´1
n

´

utncdc
t
n ´ v

t
n
1dltn ` w

t
nGdG

t
¯

“
ÿ

nPN

λnµn
ÿ

t“1,2

βt´1
n

„

κtn

ˆ

~1Tdctn ´
vtn
1

κtn
dltn

˙

` wtnGdG
t

 (OA12)

Next note that in the second period, free labor supply implies v2
n
1 “ κ2

n. In the first, there
may be some wedge ∆n such that v1

n
1 “ κ1

np1`∆nq; a positive wedge indicates that n works
as if the wage was higher than it is, i.e. oversupplies labor; a negative wedge represents
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involuntary un(der)employment. In these terms, we have

dW “
ÿ

nPN

λnκ
1
nµn

«

´∆ndl
1
n `

ÿ

t“1,2

κtn
κ1
n

βt´1
n

´

~1Tdctn ´ dl
t
n

¯

`

ˆ

w1
nG

κ1
n

dG1
`
βnw

2
nG

κ1
n

dG2

˙

ff

(OA13)

Next, define rλn “ λnκ
1
n. Also note that κtn

κ1n
βt´1
n “ 1 for t “ 1. For t “ 2, we use the

modified Euler equation:

κ1
n “ βn

1` r1

1´ φn
κ2
n (OA14)

where φn is a borrowing wedge. φn ě 0 is positive when households behave as if interest
rates are higher than in reality, i.e. consume more in the future than they would like; this
corresponds to borrowing constraints. This gives us

dW “
ÿ

nPN

rλnµn

„

´∆ndl
1
n `

´

~1T dc1n ´ dl
1
n

¯

`
1´ φn
1` r1

´

~1T dc2n ´ dl
2
n

¯

`

ˆ

w1
nG

κ1n
dG1 `

ˆ

1´ φn
1` r1

˙

w2
nG

κ2n
dG2

˙

(OA15)

Differentiating the household’s lifetime budget constraint (at constant r1):

~1Tdc1
n ´ dl

1
n `

~1Tdc2
n ´ dl

2
n

1` r1
“ ´dτ 1

n ´
dτ 2

n

1` r1
(OA16)

Plugging this in, we have:

dW “
ÿ

nPN

rλnµn

«

´∆ndl
1
n ` φn

´

~1T dc1n ´ dl
1
n

¯

´ p1´ φnq

ˆ

dτ1n `
dτ2n

1` r1

˙

`

˜

w1
nG

κ1n
dG1 `

ˆ

1´ φn

1` r1

˙

w2
nG

κ2n
dG2

¸ff

(OA17)

For households with non-strictly-binding borrowing constraints, φn “ 0. For households
with φn ą 0, the borrowing constraint binds:

s1
n “ l1n ´ τ

1
n ´

~1T c1
n ùñ

~1Tdc1
n ´ dl

1
n “ ´dτ

1
n (OA18)

Defining the within-period willingness to pay for government expenditure as WTP t
n “

wtnG
κtn

,

we arrive at the final expression:

dW “
ÿ

nPN

rλnµn

«

´∆ndl
1
n ´

ˆ

dτ1n ` p1´ φnq
dτ2n

1` r1

˙

`

ˆ

WTP 1
ndG

1 ` p1´ φnq
WTP 2

n

1` r1
dG2

˙

ff

(OA19)

A.5. Proof of Proposition 4

Proof. The proof of this result relies on material in Online Appendix B.6 on characterizing
optimal fiscal policy; consult this section and the results therein before proceeding with this
proof.

We first prove the result for first-period transfers. At any optimum, we know that
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Equation OA86 must hold for all policy variations τ 1
ε P RN that only vary first-period

transfers, keeping other instruments fixed. Taking τ 1
ε “ en, the nth basis vector, we see that:

´

rλT ´ γ~1
¯T

n
“

´

rλT p∆R1
`

I ´ C1
y1R

1
˘´1

C1
y1

¯

n
(OA20)

Stacking these equations over n, we obtain:

´

rλ´ γ~1
¯T

“ rλT p∆R1
`

I ´ C1
y1R

1
˘´1

C1
y1 (OA21)

Since tenu is a basis and Equation OA86 is linear, this equation fully encompasses the
optimality condition of Proposition 13 with respect to first period transfers.

We can simplify this system of equations. First, see that:

R1
pI ´ C1

y1R
1
q
´1C1

y1 “

8
ÿ

k“0

R1
pC1

y1R
1
q
kC1

y1 “

8
ÿ

k“1

R1C1
y1 (OA22)

Adding rλT ∆̂ to both sides of Equation OA21, we therefore obtain:

´

rλp1` p∆q ´ γ~1
¯T
“ rλT p∆

´

I ´R1C1
y1

¯´1
ùñ

´

rλp1` p∆q ´ γ~1
¯T ´

I ´R1C1
y1

¯

“ rλT p∆ (OA23)

Now, express R1C1
y1 “ R1C

1

y1m̂. Recognizing that all columns of the spending-to-income

matrix R1C
1

y1 sum to one, as total spending is equal to total factor income, and—by

assumption—that rλnp1`∆nq is constant across all households n except for those for which
the nth row of R1C1

y1 is zero, (OA23) can be rewritten as:

´

rλp1` p∆q ´ γ~1
¯T

pI ´ m̂q “ rλT p∆ (OA24)

We therefore have all, for all n, that

rλnp1`∆nq ´ γ “
1

1´mn

rλn ùñ γ “ rλn

ˆ

1`
mn

1`mn

p´∆nq

˙

(OA25)

We prove the result for first-period government spending in an analogous way. To begin,
consider Equation OA86 for policy variations G1

ε P RI1
that only vary first period expendi-

ture. Again considering each basis vector of RI1
and stacking we obtain:

0 “ rλTWTP 1
´ pγ~1T ` rλT p∆R1

q ´ rλT p∆R1
pI ´ C1

y1R
1
q
´1C1

y1R
1 (OA26)

This can be rewritten as:

rλTWTP 1
´ γ~1T “ rλTR1

p∆pI ´ C1
y1R

1
q
´1 (OA27)

From the assumption that the social gains from government expenditure equal ṽ, we have
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that rλTWTP 1 “ ṽ. Moreover, by definition Ăλ∆ “ rλp∆R. Hence (OA27) can be rewritten as

ṽ~1T ´ γ~1T “ Ăλ∆
T `
I ´ C1

y1R
1
˘´1

(OA28)

Next, define rmi ”
`

mTR1
˘

i
to be the rationing-weighted average MPC in the production

of good i and let p

rm be the corresponding matrix with rm on the diagonal. Moreover, define
rCji ” pC1

y1R
1qji{rmi to be the average direction of consumption of workers producing i,

weighted by their MPC and marginal rationing in i’s production.41 Crucially, note that
rC p

rm “ C1
y1R

1 by construction and that ~1T rC p

rm “ ~1T prm:

~1T rC p

rm “ ~1TC1
y1R

1
“ mTR1

“ p

rmT (OA29)

The first order condition for expenditures (OA28) is therefore equivalent to:

pṽ ´ γq~1T
`

I ´ C1
y1R

1
˘

“ pṽ ´ γq~1T
´

I ´ p

rm
¯

“ Ăλ∆
T
ðñ γ “ ṽ `

1

1´ rmi

p´Ăλ∆iq @i P I1.

(OA30)

A.6. Proof of Proposition 5

Proof. Under the proposition’s assumptions, Equation 21 reduces to:

dW “ µTdl1 ´ µTdτ 1
´
µTdτ 2

1` r1
(OA31)

Moreover, by Equation 22, we have that:

pµdl1 “ R1
`

I ´ C1
y1R

1
˘´1

ˆ

dG1
´ C1

y1

ˆ

pµdτ 1
`

pµdτ 2

1` r1

˙˙

(OA32)

Combining these equations and rearranging:

dW “ ~1TR1
`

I ´ C1
y1R

1
˘´1

ˆ

dG1
´ C1

y1

ˆ

pµdτ 1
`

pµdτ 2

1` r1

˙˙

´ µTdτ 1
´
µTdτ 2

1` r1

“ ~1T
`

I ´ C1
y1R

1
˘´1

dG1
`~1T

”

`

I ´R1C1
y1

˘´1
R1C1

y1 ` I
ı

ˆ

´pµdτ 1
´

pµdτ 2

1` r1

˙

“ ~1T
`

I ´ C1
y1R

1
˘´1

looooooomooooooon

“dY 1{dG1

dG1
`~1T

`

I ´R1C1
y1

˘´1

looooooomooooooon

“dl1{dy1

ˆ

´pµdτ 1
´

pµdτ 2

1` r1

˙

(OA33)

Finally, one may add terms proportional to dY 1

dG2 “ 0.

41For any i with m̃i “ 0, define rCji in any way satisfying
ř

j

rCji “ 1.
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A.7. Proof of Corollary 1

Proof. We first show that, if the bias and homophily effects are zero for all output and transfer
shocks relative to some baseline income incidence y˚, then either mn “ 0 or mnext

n “ Ey˚rmn1s.
We then use this fact to obtain the conclusion of the corollary.

To start, fixing a single type n P N , consider the bias term corresponding to a transfer
shock with direct incidence By1 “ ên (i.e. only transfering to n).

biasy
˚

By1 “ EBy1rmns
`

EBy1rmnext
n s ´ Ey˚rmn1s

˘

“ mn

`

mnext
n ´ Ey˚rmn1s

˘

(OA34)

The assumption that this is zero then implies that either mn “ 0 or mnext
n “ Ey˚rmn1s.

To apply this fact, recall the definition mnext
n “ mTR1C

1

y1 , where C
1

y1 is the normalized

matrix of spending directions, i.e. C1
y1
“ C

1

y1 pm. Our previous observation—that for all n,
mn “ 0 or mnext

n “ Ey˚rmn1s—then implies that mTR1C1
y1 “ p~m

nextqT pm “ Ey˚rmn1s ¨m
T .

Applying this fact to the multipliers in Equation 25, we have

~1T
dY 1

dG1
“ ~1T

`

I ´ C1
y1R

1
˘´1

“

8
ÿ

k“0

~1T
`

C1
y1R

1
˘k
“ ~1T `

“mT
hkkikkj

~1TC1
y1 R

1 `

8
ÿ

k“1

“mT
hkkikkj

~1TC1
y1

`

R1C1
y1

˘k
R1

“ ~1T `mTR1 `

8
ÿ

k“1

Ey˚rmns
kmTR1 “

ˆ

~1`
1

1´ Ey˚rmns
m

˙T

R1

(OA35)

Moreover, we have that:

~1T
dl1

dy1
“ ~1T

`

I ´R1C1
y1

˘´1
“ ~1T `

“mT
hkkkikkkj

~1TR1C1
y1 `

8
ÿ

k“1

“mT
hkkkikkkj

~1TR1C1
y1

`

R1C1
y1

˘k

“ ~1T `
1

1´ Ey˚rmns
mT

“

ˆ

~1`
1

1´ Ey˚rmns
m

˙T

(OA36)

Substituting (OA35) and (OA36) into Equation 25 completes the proof.

B. Additional Results and Extensions

Here we provide results on properties (including existence) of rationing equilibrium (B.1),
derive the multiplier with interest rate effects (B.2), allow for imperfect competition with
fixed markups (B.3), generalize our decomposition results to account also for supply shocks
(B.4), analyze benchmark cases in which the network adjustments to the Keynesian mul-
tiplier are zero (B.5), provide first order conditions for optimal policy (B.6), and consider
policy in the environment with imperfect competition (B.7). In the Supplementary Mate-
rial, we extend the baseline model to many periods (allowing for an infinite horizon) (A.1),
study the structure of the multiplier in a more canonical flexible-wage equilibrium (A.2),
and provide a network reinterpretation of the multiplier at the zero lower bound (A.3).
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B.1. Equilibrium Properties

In this Appendix, we ensure our analysis of the multiplier is well-posed and eliminate
any nuisance terms that unnecessarily complicate the analysis. To this end, we first provide
a no-substitution theorem that ensures prices are technologically determined – and thus
independent of demand – and, second, prove the existence of a rationing equilibrium.

The following technical conditions on production technologies and household preferences
are sufficient for the no-substitution theorem. Assumption 3 provides basic technical con-
ditions on production and Assumption 4 imposes a simple positivity condition on demand
such that there is demand for all goods.

Assumption 3. For all i and zi, production F pXi, Li, ziq is continuous, weakly increasing,
strictly quasi-concave, and homogeneous of degree one in pXi, Liq. Further, labor is essential
in production, i.e. F pXi, 0, ziq “ 0, and production is strictly increasing in labor. Finally,
there exists some p P RIt

` and tXi, LiuiPIt s.t. for all i, F pXi, Li, ziq ě 1 and pXi`Li ď pi.
42

Assumption 4. For any %, y1, τ, θ: for each good i, some household type n has ctni ą 0.

Under these two rather weak assumptions, we can show that:

Proposition 6. Under Assumptions 3 and 4, for a given zt, there exists a unique pt consis-
tent with rationing equilibrium, independent of demand.

Proof. We follow closely the proof technique used in Acemoglu and Azar (2020). We will
prove the result for an economy with arbitrary time horizon for maximum applicability. Fix
a time period t vector of productivity parameters z. For each i, define the unit cost function:

κippq “ min
F pXi,Li,ziqě1, Xi,Liě0

pXi ` Li (OA37)

The minimum is well-defined owing to Assumption 3, which states that F is strictly increasing
in labor, CRS, and strictly quasiconcave.

We now establish properties of the unit cost function on the domain p P RI
`. First,

since labor is necessary for production, κip0q ą 0 for all i. Second, by the last part of
Assumption 3, there exists p such that κippq ď pi for all i. Finally, κippq is weakly increasing
in p by inspection. These three properties establish that κppq ” pκ1ppq, ..., κIppqq maps
O ” ˆI

i“1 r0, pis Ñ O and is weakly increasing. Moreover, O is a complete lattice with
respect to the following operators:

p^ q ”
`

minpp1, q1q, ...,minppI , qIq
˘

and p_ q ”
`

maxpp1, q1q, ...,maxppI , qIq
˘

(OA38)

By Tarksi’s fixed point theorem, the set of fixed points tp P RI
` | κppq “ pu is therefore a

complete lattice.
In order for p to be consistent with either our flexible-wage or rationing equilibrium,

all operating firms must make zero profits. Assumption 4 implies that all firms operate in
equilibrium, so p “ κppq is a necessary condition for any equilibrium. It therefore remains

42A sufficient but not necessary condition is that every good can be produced using only labor.
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to show that κ has a unique fixed point. To this end, we first show that each κi is concave.
For price vectors p and q and λ P p0, 1q, we construct the price vector:

pλ “ λp` p1´ λqq (OA39)

By cost minimization,

κippq ď pXipp
λ
q ` Lipp

λ
q and κipqq ď qXipp

λ
q ` Lipp

λ
q (OA40)

It follows that:
κipp

λ
q “ pλXipp

λ
q ` Lipp

λ
q ě λκippq ` p1´ λqκipqq (OA41)

establishing that each κi is a concave function.
Toward a contradiction, suppose κ has more than one fixed point. Then since the set of

fixed points is a complete lattice, there must exist distinct fixed points p˚, p˚˚ with p˚i ď p˚˚i
for all i. Now take λ to be given by the following:

λ “ min
iPI

p˚i
p˚˚i

(OA42)

Note that λ P p0, 1q since p ąą 0 for all fixed points p, since κip0q ą 0 for all i and κ is
weakly increasing. We have that p˚i ě λp˚˚i for all i P I with equality for at least one j by
construction. For this j such that p˚j “ λp˚˚j , we then have

0 “ κjpp
˚q ´ p˚j ě κjpλp

˚˚q ´ λp˚˚j ě p1´ λqκjp0q ` λκjpp
˚˚q ´ λp˚˚j “ p1´ λqκjp0q ą 0 (OA43)

where the first line follows from the zero profit condition, the second line follows from the
fact that κi is weakly increasing and λ P p0, 1q, the third line follows from concavity of κi,
the fourth line follows again from the zero profit condition, and the final line follows from
positivity of costs. This is a contradiction. Hence, there must be a unique fixed point at all
times t. This implies the stated result and also makes the no-substitution theorem applicable
to Supplementary Appendix A.1 where we extend the baseline model to allow for multiple
time periods.

The existence of unique, positive prices p1pz1q, p2pz2q P RIt
` consistent with equilibrium

allows us to reduce the number of endogenous price variables in considering comparative stat-
ics that keep z1 and z2 fixed, allowing us to keep track of just the real interest rate. Implicit
in this no-substitution economy is the assumption that good prices respond instantaneously
to changes in technology, which is irrelevant in the case of demand shocks.

Moreover, combining Proposition 6 with constant returns to scale technology implies a
simple form for aggregate input and labor demands. Formally:

Corollary 2. The aggregate input demand X tppt, Qtq and labor demand Ltppt, Qtq vectors
are given by:

X t
“ X̂pztqQt Lt “ L̂pztqQt (OA44)

where pXpztq is the matrix with ith column pXipz
tq and pLpztq is the diagonal matrix with ith

entry pLipz
tq.

9



Proof. Fixing z, by Proposition 6, there exists a unique price vector ppzq consistent with
equilibrium. The unit input demands for any firm i at this price solve the following program:

`

pXipzq, pLipzq
˘

“ arg min
pXi,Liq s.t. F pXi,Li,ziqě1

ppzqXi ` Li (OA45)

CRS then implies that for a firm producing Qi units in equilibrium,

Xi “ Qi
pXipzq Li “ Qi

pLipzq (OA46)

Stacking these equations over It gives

X t
“ X̂pztqQt Lt “ L̂pztqQt (OA47)

Proposition 6 implies two additional, useful results. First, the Leontief-inverse matrix
always exists. Second, one can use the Leontief-inverse to obtain a useful closed-form expres-
sion for the demand-independent prices. This is stated formally in the following corollary:

Corollary 3. The Leontief-inverse matrix pI ´ X̂pzqq´1 exists. Moreover, prices are given
uniquely by the following expression:

ppzq “ pI ´ X̂pzqT q´1L̂pzq~1 (OA48)

Proof. We first prove that the matrix pI ´ pXpzqq is invertible. The zero-profit condition for
all i implies that:

ppzqXi ` Li “ pipzqQi (OA49)

Normalizing by the quantity yields:

ppzq pXipzq ` pLipzq “ pipzq (OA50)

Stacking this equation yields the matrix equation:

pLpzq~1` pXT
pzqppzq “ ppzq (OA51)

This allows us to solve for the unit labor demands as the unique diagonal matrix such that:

pLpzq~1 “
`

I ´ pXpzqT
˘

ppzq (OA52)

Iterating this equation k P N times yields:

ppzq “
´

1` pXpzqT ` ...`
`

pXpzqT
˘k
¯

pLpzq~1`
`

pXpzqT
˘k`1

ppzq (OA53)

Recall that pXpzq is non-negative, pLpzq~1 is strictly positive because labor is essential, and ppzq

is positive. A necessary condition for ppzq to exist is therefore that
`

pXpzqT
˘k
Ñ 0 as k Ñ 8.

This implies that pXpzqT (and therefore also pXpzq) has modulus strictly less than unity. It

is immediate that the inverse
`

I ´ pXpzq
˘´1

exists. (OA52) then implies the result.
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Throughout the paper we will write pX t, pLt for pXpztq, pLpztq when zt is fixed. We write pX

and pL for the block-diagonal matrices composed of pX1 and pX2, and pL1 and pL2 respectively.
We now proceed to establish that the analysis of equilibrium is well posed by providing

regularity conditions under which equilibria exist. To this end, we assume basic continuity
properties of demand and that household consumption in the first period is bounded away
from fully consuming first period income as income grows large.

Assumption 5. The primitives satisfy the following properties:

1. The consumption and labor functions ctn and l1n are continuous in r1 and y1.
2. For all n, %, τn, θn, p1c1

np%, y
1
n, τn, θnq is weakly increasing in y1

n.
3. For any p, τ, θ: there exists y P R` and c ă 1 such that for all n P N , r1 P rr, rs, and

y1
n ą y, we have that p1c1

np%, y
1
n, τn, θnq ď cy1

n.
4. Interest rates have an upper and lower bound, i.e. r1pQq P rr, rs and r is differentiable.

This assumption is extremely mild and satisfied by virtually all standard household prob-
lems of which we are aware.43 With this additional structure we are now able to prove the
existence of rationing equilibria for the economy under consideration.

Proposition 7. Under assumptions 3, 4, and 5, there exists a rationing equilibrium.

Proof. Fix all exogenous parameters. Note that by Proposition 6, prices p1 and p2 are pinned
down by technology and so can be taken as given as well.

The outline of the proof is as follows. First, for any interest rate r1, we construct a
function Ψr1 that maps vectors of first-period income to vectors of first-period income and
show that any fixed point of this map corresponds to an equilibrium with constant r1.
Second, we extend this map to construct a second function Ψ that takes as inputs both a
vector of incomes and an interest rate, and we show that any fixed point of this extended map
corresponds to an equilibrium of the model. We then apply Brouwer’s fixed point theorem
to Ψ to show that such a fixed point exists.

First, by Assumption 5 we have the following two facts:

1. For any p1, p2, τ, θ: p1c1
np%, y

1
n, τn, θnq is weakly increasing in y1

n for any n, r1 P rr, rs
2. For any p1, p2, τ, θ: there exists some y P R` and some c ă 1 such that p1c1

np%, y
1
n, τn, θnq ď

cy1
n for all n, y1

n ą y, r1 P rr, rs

Thus, for any vector of incomes y1, first period consumption spending p1C1 is bounded
above:

p1C1
ď cy ` c~11y1 (OA54)

Thus, aggregate spending is bounded above by:

p1C1
` p1G1

ď cpy `~11y1
q ` max

rPrr,rs
p1G1

pp1, p2, r1, τ, θGq (OA55)

43It is easy to see how Assumption 5 holds if households are utility maximizers whose utility functions
satisfy various standard assumptions. Existence and continuity of the consumption and labor functions
follow from continuity and quasiconcavity of utility, and from Berge’s theorem. Satisfying the lifetime budget
constraint follows from non-satiation. Consumption being asymptotically bounded away from first-period
income follows from sufficiently decreasing marginal utility.
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where this maximum exists by continuity of G1p¨q in r1 and compactness of rr, rs. Since
c ă 1, it follows that there exists Y such that if y1 P Y 1 ” ty1 P RN

` |
~11y1 ď Y u, then

aggregate spending—and so, as all spending flows to wages, also the resulting aggregate
income—is weakly less than Y . Formally:

@r1
P rr, rs, y1

P Y 1 : l1
´

pL1
p1´ pX1

q
´1

`

C1
p%, y1, τ, θq `G1

p%, y1, τ, θGq
˘

¯

P Y 1 (OA56)

This observation allows us to define, for any r1 P rr, rs, a function Ψr1 : Y 1 Ñ Y 1 given by:

Ψr1py
1
q “ l1

´

pL1
p1´ pX1

q
´1

`

C1
p%, y1, τ, θq `G1

p%, y1, τ, θGq
˘

¯

(OA57)

where recall % denotes pp1, p2, r1q and where the previous argument establishes that Ψr1py
1q

is indeed contained in Y 1. Moreover, continuity of l1p¨q, C1p¨q and G1p¨q establishes that Ψr1

is a continuous function.
Second, we define an extended function Ψ : Y 1 ˆ rr, rs Ñ Y 1 ˆ rr, rs by setting:

Ψpy1, r1
q “

`

Ψr1py
1
q, r1

pQq
˘

(OA58)

where Q “ pQ1, Q2q is given by Qt “ p1´ pX1q´1 pC1p%, y1, τ, θq `G1p%, y1, τ, θGqq and where
r1p¨q is the monetary policy function, which recall selects an interest rate in rr, r̄s.

Third, we now claim that Ψ has a fixed point py1, r1q. This follows from Brouwer’s
theorem: Y 1 ˆ rr, rs is a compact, convex domain, and Ψ is continuous because l1p¨q and
r1p¨q are continuous, ctnp%, y

1
n, τn, θnq is continuous in y1

n and r1, and Gtp%, τ, θGq is continuous
in r1.

Finally, given a fixed point py1, r1q of Ψ, we can construct a rationing equilibrium as
follows: Let pt be the no-substitution-theorem prices implied by zt. Let ctn, l2n, and Gt

be given by the relevant functions taking in prices pt, real rate r1, and incomes y1. Let
production in each period be:

Qt
“ pI ´ pX t

q
´1
pGt

` Ct
q (OA59)

The definition of the consumption, labor supply, and government spending function ensure
that household and government budget constraints hold. The construction of Qt ensures that
each goods market clears. Because py1, r1q is a fixed point, first period income is consistent
with the rationing function and the first period labor market clears; also because py1, r1q is
a fixed point, the interest rate r1 “ r1pQq is consistent with central bank policy. Finally, the
second period labor market clears by Walras’ law.

As we have established conditions under which an equilibrium exists, our analysis of
equilibria going forward will be well-posed. While the fixed-point theorems we use are famil-
iar, we employ a somewhat different strategy to usual existence proofs in (i) leveraging the
structure of no-substitution and (ii) clearing markets intertemporally and then constructing
intratemporal market clearing from the resulting fixed point interest rate. This provides a
common structure to both rationing equilibrium and flexible-wage equilibrium (see Supple-
mentary Appendix A.2) existence and may be useful to other authors proving equilibrium
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existence in economies with labor rationing.

B.2. The Output Multiplier with Interest Rate Effects

In Section 3, we assumed with Assumption 1 that the output multiplier was comprised
solely of income multiplier effects, either due to interest rates not responding to output or
households not responding to interest rates. For completeness, we provide below a version
of the multiplier in Proposition 1 that takes these effects into account.

Proposition 8. There exists a matrix M such that for any small shock to parameters Bx P
SpantdθG, dθ, dτ, dzu, there exists a selection from the equilibrium set such that the general
equilibrium response in output is given by:

dY “MBQ (OA60)

where BQ is the partial equilibrium change in production associated with Bx stacked over time
periods. Moreover, the matrix M is given by:

M “

ˆ

I ´D
´

I ´ pX
¯´1

˙´1

, where D “

«

C1
y1 l

1
L1

pL1 `
`

C1
r1 `G

1
r1

˘

r1Q1

`

C1
r1 `G

1
r1

˘

r1Q2

C2
y1 l

1
L1

pL1 `
`

C2
r1 `G

2
r1

˘

r1Q1

`

C2
r1 `G

2
r1

˘

r1Q2

ff

(OA61)

Proof. The existence of two nearby equilibria is a consequence of the upper hemicontinuity
of the equilibrium set in the parameters. Consider a sequence of parameters tωnu such that
ωn Ñ ω. By Proposition 7, we know that for each ωn there exists a corresponding set of
equilibria En. Moreover let Epωq be the set of equilibria corresponding to the limit ω. Now
consider an arbitrary sequence of equilibria tenu such that en P En for all n P N and en Ñ e.
Toward a contradiction, suppose that the set of equilibria is not UHC in the parameters,
i.e. e R Epωq. It follows that one of the following does not hold at e: household budget
balance, government budget balance or market clearing. But by Assumption 5, continuity
of the fiscal rule, continuity of the interest rate rule and continuity of the rationing function,
we know that all functions in these expressions are continuous. It follows that there exists
m P N such that em R Em, a contradiction. This completes the proof that the equilibrium
set is UHC.

Totally differentiating the interest rate rule, we can express the change in the real interest
rate in terms of changes in demand:

dr1
“ r1

Q1dQ1
` r1

Q2dQ2
“ r1

QdQ (OA62)

Now, stacking the vectors that represent periods 1 and 2, we perturb the goods market
equilibrium conditions. Our differentiability assumptions allow us to express

dQ “ pXdQ` pXzdzQ` Cp̂p̂zdz ` Cr1dr
1
` Cy1dy

1
` Cτdτ ` Cθdθ

`Gp̂p̂zdz `Gr1dr
1
`Gτdτ `GθGdθG

(OA63)

Plugging in for dr1 and dy1 “ l1L1
pL1dQ1 ` l1L1dpL1Q1

dQ “ pXdQ` Cy1l
1
L1
pL1dQ1

` pCr1 `Gr1qr
1
QdQ` BQ (OA64)
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where here BQ “ pCp̂ `Gp̂qp̂zdz ` pXzdzQ`Cy1l
1
L1
pL1
zdzQ

1 ` pCτ `Gτ qdτ `Cθdθ`GθGdθG.

Recognizing that dY “ pI ´ pXqdQ and substituting completes the proof.

B.3. Imperfect Competition

In this section we show how to incorporate imperfect competition in the form of fixed
markups on marginal costs. Now, instead of each sector being populated by a continuum
of perfectly competitive firms, we suppose that for all i P It there is a single monopolist
producing each good, charging a fixed markup ofmt

i over their marginal cost and making (and
distributing) profits πti .

44 Despite this, we argue that a no substitution theorem still holds
and we can obtain analogous multiplier formulae once we augment labor income rationing
with profit rationing. To do this, we have to slightly modify Assumption 3:

Assumption 6. For each t there exists some pt P RIt
` and tX t

i , L
t
iuiPIt such that for all i,

F pX t
i , L

t
i, z

t
iq ě 1 and p1`mt

iqpp
tX t

i ` L
t
iq ď pti

Under this modified assumption, we can state and prove the modified no-substitution
theorem with markups:

Proposition 9. Under Assumptions 6 and 4, for a given zt and mt, there exists a unique
pt consistent with both flexible-wage and rationing equilibrium, independent of demand.

Proof. We modify the proof of proposition 6 to accommodate markups. Each firm now sets
a price pi “ p1 ` mt

iqκippq, where κi is i’s unit cost function. That is, i prices goods as
though it were a competitive firm with production function 1

1`mti
F pX t

i , L
t
i, z

t
iq. Consider now

a modified economy without markups and production functions given by the previously-
stated markup-adjusted production functions. Assumption 6 implies that Assumption 3
holds in this modified economy. The result then follows by application of Proposition 6.

We assume that profits from each firm are distributed to households according to an
exogenous profit rationing function Πt : RI Ñ RN satisfying

ř

iPI
πti “

ř

nPN

Πtpπtqn for all

πt P RI . We let dtn “ Πtpπtqn represent household n’s total dividend income in period t.
With profits, household income is comprised of rationed first-period labor income, chosen
second-period labor income, and (not chosen) dividend income in both periods. We therefore
allow household consumption and labor supply functions to depend on dtn directly.

We can now state a profit-inclusive Keynesian cross. Note that the only difference to
Proposition 8 comes from the need to account for changes in profits, how these are distributed
to households as dividends, and their directed MPCs out of dividends.45

44One microfoundation for constant markups is that industries are comprised of a continuum of firms,
with each other firm’s and household’s demands having the same CES aggregator for these firms’ varieties.

45For the sake of generality, we distinguish between aggregate MPC out of dividend and labor income, i.e.
Ctd ‰ Cty. Of course, for utility-maximizing households, these will be the same provided the income arrives
in the same period.
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Proposition 10. For any small shock to parameters there exist a pair of rationing equilibria
production Q and Q`dQ before and after the shock. If the shock induces a partial equilibrium
change in production BQ, the general equilibrium change dQ is given to first order by:

dQ “ pXdQ` pCr `GrqrQdQ` Cyl
1
L1
pL1dQ1

` CπpΠdQ` BQ (OA65)

where Cπ is the matrix of household directed MPCs out of profit income, pΠ is the block
diagonal matrix composed of pΠ1 and pΠ2, and where pΠt is the diagonal matrix with ith entry
mt
ip
t
i, and all quantities are evaluated at the initial equilibrium.

Proof. This proof simply modifies the proof of Proposition 8. It is stated in full for clarity.
The existence of two nearby equilibria is a consequence of the upper hemicontinuity of
the equilibrium set in the parameters. Consider a sequence of parameters tωnu such that
ωn Ñ ω. By Proposition 7, we know that for each ωn there exists a corresponding set of
equilibria En. Moreover let Epωq be the set of equilibria corresponding to the limit ω. Now
consider an arbitrary sequence of equilibria tenu such that en P En for all n P N and en Ñ e.
Toward a contradiction, suppose that the set of equilibria is not UHC in the parameters,
i.e. e R Epωq. It follows that one of the following does not hold at e: household budget
balance, government budget balance or market clearing. But by Assumption 5, continuity
of the fiscal rule, continuity of the interest rate rule, continuity of the rationing function and
continuity of the profit allocation function, we know that all functions in these expressions
are continuous. It follows that there exists m P N such that em R Em, a contradiction. This
completes the proof that the equilibrium set is UHC.

Totally differentiating the interest rate rule, we can express the change in the real interest
rate in terms of changes in demand:

dr1
“ r1

Q1dQ1
` r1

Q2dQ2
“ r1

QdQ (OA66)

Now, stacking the vectors that represent periods 1 and 2, we perturb the goods market
equilibrium conditions:

dQ “ pXdQ` pXzdzQ` Cp̂p̂zdz ` Cr1dr
1
` Cy1dy

1
` Cτdτ ` Cθdθ

`Gp̂p̂zdz `Gr1dr
1
`Gτdτ `GθGdθG ` CπΠ̂dQ

(OA67)

Plugging in for dr1 and dy1 “ l1L1
pL1dQ1 ` l1L1dpL1Q1

dQ “ pXdQ` Cy1l
1
L1
pL1dQ1

` pCr1 `Gr1qr
1
QdQ` CπΠ̂dQ` BQ (OA68)

where here BQ “ pCp̂`Gp̂qp̂zdz` pXzdzQ`Cy1l
1
L1
pL1
zdzQ

1`pCτ`Gτ qdτ`Cθdθ`GθGdθG.

B.4. Network Decompositions for Supply Shocks

We now derive network decompositions of the multiplier as in Section 3.2 that are valid
for both demand and supply shocks, extending the earlier analysis. To this end, we see that
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changes in GDP when we consider a supply shock have two distinct components:

dpGDP q ” dpp1TY 1
q “ p1TdY 1

loomoon

Change in Product

` dp1TY 1
loomoon

Change in Price Index

(OA69)

Where it is without loss to redefine units of consumption goods and evaluate at an initial
equilibrium with p1T “ ~1. Propositions 2 and 12 decompose the first term ~1TdY 1. To achieve
our decomposition for supply shocks, we therefore need only compute dp1TY 1. To this end,
we can employ Corollary 3, which shows prices are a closed-form function of z:

p1
pzq “

`

1´ pX1
pzqT

˘´1
pL1
pzq~1 (OA70)

It follows that the change in GDP can then be decomposed as before but with a new term
which depends only on the IO matrix and labor shares and not labor rationing or household
consumption. This is stated formally below:

Proposition 11. The total change in first-period output due to a shock with unit-magnitude
labor income incidence By1 can be approximated as:

dpp1TY 1q “
1

1´ Ey˚rmns

˜

1` EBy1rmns ´ Ey˚rmns
loooooooooooomoooooooooooon

Incidence effect

`EBy1rmns
`

EBy1rmnext
n s ´ Ey˚rmns

˘

loooooooooooooooooooooomoooooooooooooooooooooon

Biased spending direction effect

` CovBy1rmn,m
next
n s

loooooooooomoooooooooon

Homophily effect

¸

` d
”

`

1´ pX1pzqT
˘´1

pL1pzq~1
ıT

Y 1

loooooooooooooooooooomoooooooooooooooooooon

Price Effect

` O3p|m|q

(OA71)

where y˚ is any reference income weighting of unit-magnitude and mi
next is the average MPC

of households who receive as income i’s marginal dollar of spending.

Proof. Recall that we have:

dpp1TY 1
q “ p1TdY 1

loomoon

Change in Product

` dp1TY 1
loomoon

Change in Price Index

(OA72)

which we can always take as dpp1TY 1q “ ~1TdY 1` dp1TY 1 through an appropriate renormal-
ization of the initial units of the goods.

By Proposition 2, 1TdY 1 consists of all terms in (OA71) except the price effect. We now
need only compute the term dp1TY 1. To this end, from Corollary 3 we have that:

p1
pzq “

`

1´ pX1
pzqT

˘´1
pL1
pzq~1 ùñ dp1TY 1

“ d
”

`

1´ pX1
pzqT

˘´1
pL1
pzq~1

ıT

Y 1

looooooooooooooooooomooooooooooooooooooon

Price Effect

(OA73)

Adding the two terms yields the claimed expression and completes the proof.

B.5. Special Cases Where Network Effects in Propagation Vanish

In the main text, we briefly discussed two important cases where network effects in shock
propagation vanish. Here, we state and more formally discuss these results.
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Proposition 12. The following statements are true:

1. (No incidence or bias effects) Suppose that consumption preferences and labor rationing
are homothetic, that no households are net borrowers in period 1, and that there is no
government spending.46 Then, for a GDP-proportional, unit-magnitude demand shock,
the incidence and bias effects are zero, so that we have:

~1TdY 1
“

1

1´ Ey1rmns

˜

1 ` Covy1rmn,m
next
n s

looooooooomooooooooon

Homophily effect

¸

` O3
p|m|q (OA74)

where y1 is the vector of first-period incomes.
2. (No incidence, bias, or homophily effects) Suppose that all industries have a common

rationing-weighted average MPC, m.47 Then the incidence, bias, and homophily effects
are zero, so that for any reference weighting y˚ that can be induced by a demand shock,
the change in output corresponding to any unit-magnitude demand shock is:48

~1TdY 1
“

1

1´ Ey˚rmns
“

1

1´m
(OA76)

Proof. We prove the two claims separately:

1. Recalling that pmnextqT ” mTG, and the shock satisfies By19y1, the following are
equivalent:

mTGy1
´mTy1

“ 0 ðñ EBy1rmnext
n ´mns “ 0 (OA77)

It therefore suffices to show that Gy1 “ y1.

Plugging in the definition of G, we have Gy1 “ l1L1
pL1

´

I ´ pX1
¯´1

C
1

y1y
1. Since each

household saves zero on net, y1 is equal to total spending. Homotheticity of consump-

tion implies that C
1

y1y
1, then, is the vector of total consumption of goods; since there

is no government spending, this equals total output, Y 1. Finally, homotheticity of

rationing implies that l1L1
pL1

´

I ´ pX1
¯´1

Y 1 “ y1.

2. Recall by Proposition 1 that when either Cr1 ` Gr1 “ 0 or r1
Q1 “ 0, the general

equilibrium effect on income of a partial equilibrium shock is given by:

dY 1
“

´

I ´ C1
y l

1
L1
pL1
p1´ pX1

q
´1
¯´1

BQ1 (OA78)

46By homothetic labor rationing, we mean that marginal and average rationing of income are equal.

Formally, if we let L1 ” pL1
´

I ´ pX1
¯´1

Y 1 be the vector of first-period firm-level labor bills, then we require

that y1 “ l1L1L1.
47Formally,

ř

nPN

pl1L1qnimn “ m for all i P I1.

48Formally, saying that y˚ can be induced by a demand shock says that there exists a BQ˚ such that:

y˚ “ l1L1
pL1

´

I ´ pX1
¯´1

BQ˚ (OA75)
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We wish to investigate whether there exists some m P p0, 1q such that the following
holds for all BQ:

~1TdY 1
“

1

1´m
~1TBQ1 (OA79)

First, we note a simple fact of linear algebra. Suppose an invertible matrix M has
columns summing to some constant m. This is equivalent to:

~1TMv “ m~1Tv, @v (OA80)

It is then true that for any v:

m~1T pM´1vq “ ~1TMpM´1vq “ ~1Tv (OA81)

Thus, M´1 has columns summing to 1
m

.
Second, note that the desired result (OA79) holds if and only if

´

I ´ C1
y l

1
L1
pL1
p1´ pX1

q
´1
¯´1

(OA82)

sums to 1
1´m

. This is equivalent, by the first observation, to the fact that each column
of

C1
y l

1
L1
pL1
p1´ pX1

q
´1 (OA83)

sums to m.
It remains to show that this claim is equivalent to the condition provided in the state-
ment of the Proposition. Namely, we must show that

~1TC1
y l

1
L1
pL1
p1´ pX1

q
´1
“ m~1T ðñ ~1TC1

y l
1
L1 “ m~1T (OA84)

Multiplying each side by pI ´ pX1qppL1q´1—which exists since labor is essential in

production—reveals that (OA84) holds if pI ´ pX1qppL1q´1 has columns summing to
one.
By our earlier linear algebra observation, this holds if and only if pL1p1 ´ pX1q´1 has
columns summing to one. This can be seen by recalling the no-profit condition

p1
“ pI ´ p pX1

q
T
q
´1
pL1~1, (OA85)

using our normalization p “ ~1, and taking the transpose of both sides.

The first part of the proposition shows how, even in a “homothetic economy,” hetero-
geneity in household consumption baskets and sectoral employment can generate network
effects through homophily. This happens even at the same time as homotheticity eliminates
the bias effect by ensuring that each household’s marginal consumption is proportional to its
initial consumption, so that the income-weighted average of marginal consumption is propor-
tional to output. Still, when households with different MPCs direct their spending toward
different goods, the households employed to produce the goods consumed by higher-MPC
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households experience a greater change in income – not from the initial, uniform shock, but
from the economy’s response to it. Insofar as these households have different MPCs from
the average, homophily is still possible. This mechanism generates non-neutrality for the
multiplier, even if the economy and the shock considered are “neutral” in all other aspects.
Aggregate neutrality requires (to second order in MPCs) that the economy feature exactly
zero correlation between households’ MPCs and the MPCs of the households they spend on.

The second part of the proposition imposes that each firm’s marginal employees have
the same average MPC as one another. This eliminates the incidence, bias, and homophily
effects, leaving only the classical Keynesian multiplier. That is, wherever in the economy a
shock strikes, and however it spreads through directed consumption and the IO network, the
change in aggregate consumption generated by the reduction in firm revenue is the same.
Of course, a particular special case that satisfies these conditions is when there is a single
good and a single household (in which case l1L1 “ 1). Note that even when the traditional
Keynesian multiplier obtains, the aggregate MPC need not equal either the average MPC or
the income-weighted MPC of the population; this is the case only when each firm’s marginal
employees have the population average MPC.

B.6. Optimal Policy at a Global Optimum

In the main text, we focused primarily on small changes in welfare corresponding to small
changes in policy. In this section, we specialize to the case of small changes in policy at an
optimum. Thus, the corresponding changes in welfare are second order.

Our first result decomposes the first-order condition for optimal government spending
and transfers into five distinct mechanisms. This is closely related to Proposition 3 in the
main text, which considers the change in welfare away from the global optimum.

Proposition 13. Suppose taxes τ 1˚, τ 2˚ and expenditures G1˚, G2˚ solve the planner’s prob-
lem. Now consider a change in policy τ t “ τ t˚ ` ετ tε , G

t “ Gt˚ ` εGt
ε, indexed by ε. The

following first-order condition holds:

0 “
´

rλT pµWTP 1
´ pγ~1T ` rλT p∆R1

q

¯

G1
ε

loooooooooooooooooooooomoooooooooooooooooooooon

Opportunistic government spending

`

´

rλT pµpI ´ pφqWTP 2 ´ γ~1T
¯

G2
ε

1` r1
looooooooooooooooooooomooooooooooooooooooooon

Short-termist government spending

´ prλ´ γ~1qT pµ

ˆ

τ 1
ε `

τ 2
ε

1` r1

˙

loooooooooooooooooomoooooooooooooooooon

Pure redistribution

` rλT
pφpµτ 2

ε

1` r1
looooomooooon

Relaxation of borrowing constraints

´ rλT p∆R1
`

I ´ C1
y1R

1
˘´1

C1
y1

ˆ

R1G1
ε ´ pµτ 1

ε ´
1φn“0pµτ

2
ε

1` r1

˙

looooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooon

Keynesian stimulus (alleviation of involuntary unemployment)

(OA86)

where γ is the marginal value of public funds.

Proof. The planner takes prices and—locally—the interest rate as given. Goods and labor
market clearing and first-period rationing determine the change in first-period employment
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as a function of G1
ε and τ 1

ε . We are left with the following first-order condition:

0 “ dW ` γ

«

µT τ 1
ε `

µT τ 2
ε

1` r1
´~1TG1

ε ´
~1TG2

ε

1` r1

ff

(OA87)

where dW is as in Equation 21. This gives an expression for the change in welfare in
terms of τε, Gε, and l1ε , the change in first-period employment. By Equation 12, pµ l1ε “

R1pI ´ C1
y1R

1q´1BQ1, where R1 ” l1L1
pL1

´

I ´ pX1
¯´1

and BQ1 “ G1
ε ´ C

1
y1pµτ

1
ε ´ C

1
y2pµτ

2
ε . For

borrowing-constrained households, C1
y2 “ 0; they would already like to substitute additional

consumption toward the first period but are constrained not to do so. Other households are

Ricardian, implying C1
y2 “

C1
y1

1`r1
. Plugging in for dW , and using matrix notation, we have

0 “ rλT

«

´ p∆R1pI ´ C1
y1R

1q´1

ˆ

G1
ε ´ C

1
y1pµ

ˆ

τ1ε `
1φn“0 τ

2
ε

1` r1

˙˙

´

˜

pµτ1ε `
pµpI ´ pφqτ2ε

1` r1

¸

`

ˆ

pµWTP 1G1
ε ` pµpI ´ pφq

WTP 2

1` r1
G2
ε

˙

ff

` γ

˜

µT τ1ε `
µT τ2ε
1` r1

´~1TG1
ε ´

~1TG2
ε

1` r1

¸ (OA88)

Now, observe that the term on the first line can be rewritten:

R1pI ´ C1
y1R

1q´1

ˆ

G1
ε ´ C

1
y1pµ

ˆ

τ1ε `
1φn“0 τ

2
ε

1` r1

˙˙

“ R1

˜

8
ÿ

k“0

pC1
y1R

1qk

¸

ˆ

G1
ε ´ C

1
y1pµ

ˆ

τ1ε `
1φn“0 τ

2
ε

1` r1

˙˙

“

˜

R1G1
ε `

˜

8
ÿ

k“0

pC1
y1R

1qk

¸

C1
y1R

1G1
ε

¸

´R1

˜

8
ÿ

k“0

pC1
y1R

1qk

¸

C1
y1pµ

ˆ

τ1ε `
1φn“0 τ

2
ε

1` r1

˙

“R1G1
ε `R

1
`

I ´ C1
y1R

1
˘´1

C1
y1

ˆ

R1G1
ε ´ pµτ1ε ´ pµ

1φn“0 τ
2
ε

1` r1

˙

(OA89)

Substituting this back in and rearranging, we obtain Equation OA86.

The opportunistic government spending term is as in Werning (2011) and Baqaee (2015).
It augments the standard first-order condition for government spending with a labor-wedge
term, reflecting the fact that the social cost of additional government purchases is lower than
the market cost when they are produced using underemployed labor. The second term is
also an augmented version of the standard expression for government spending—this time
in the second period. The borrowing wedge reflects the fact that households with binding
borrowing constraints implicitly discount the future at a higher-than-market rate; the planner
must account for this when deciding whether to make purchases on their behalf.

The third term of Equation OA86 is a standard, pure redistribution term, weighing the
private benefits of transfers against the social cost (the MVPF). The fourth term augments
this, when there are borrowing constraints. In particular, taxes in the second period are less
costly to borrowing-constrained households since they discount the future more heavily than
the market rate indicates.

Finally, the last line captures the value of stimulus brought on by changes in income—
those corresponding to pure income transfers via taxes and labor market income earned by
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employees producing expenditures.49

B.7. Optimal policy with imperfect competition

In this section, we extend the optimal policy results of section 4 to the more general
environment with constant, non-zero markups. As is section 4 we normalize prices pti to one
throughout, without loss of generality.

To highlight as clearly as possible the parallels to the case without profits, we make two
important assumptions. First—although in the first period, profit-creation is uninternalized
by households—we assume that the government incentivizes second-period profit-creation
with Pigouvian subsidies funded lump-sum by shareholders.

Assumption 7. There is an ad-valorem subsidy s2
i on the purchase of i (for consumption or

production), set equal to the profit rate m2
i . It is funded directly by an additional lump-sum,

second-period tax τ̂ 2
n defined by µnτ̂

2
n “

ř

iPI

ˆ

pΠ2
ni

M

ř

n1PN

pΠ2
n1i

˙

s2
iQ

2
i .

Second, we assume that the MPC out of future profits is zero. This is a rather weak
assumption, as the MPC out of even current capital income is small empirically.

Assumption 8. For all households n, C1
π2 “ 0.

B.7.1. Planner’s problem

We begin by defining the household’s problem. It is the same as Equation 19 in section
4.1, except that households now also receive profit income, so that the budget constraint
becomes l̃1 ` π1

n ´ p1 ¨ c̃1 ´ τ 1
n ě s1

n. Note that this microfoundation implies Cy “ Cπ. That
is, additional income from rationed labor has the same effects on consumption as additional
income from profits.

As in section 4, we study the policy problem of a planner at the zero lower bound.
Formally, the planner’s problem is the same as in Equation 20 except that household behavior
solves Equation 19 with the profit-inclusive budget constraint and aggregate variables evolve
according to Equation OA65 with rQ “ 0.

B.7.2. Policy changes away from the optimum

This section considers changes in welfare due to small changes in not-necessarily-optimal
policies, as in section 4.2. The only difference now is the presence of profits.

With this setup in mind, we now consider the change in welfare induced by changes in
transfers and government expenditure, analogously to Proposition 3.

Lemma 3. Under assumptions 7 and 8, the change in welfare dW due to a small change in
taxes and government expenditure—at a constant interest rate—can be expressed as:

dW “
ÿ

nPN

rλnµn

„

´∆ndl
1
n ` dπ

1
n ´

ˆ

dτ1n ` p1´ φnq
dτ2n

1` r1

˙

`

ˆ

WTP 1
ndG

1 ` p1´ φnq
WTP 2

n

1` r1
dG2

˙

(OA90)

49If second period expenditures are held constant, then the net income transfer is zero, i.e. this term
operates solely through redistribution to different households (who may spend differently).
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where rλn is the value the planner places on the marginal transfer of first-period wealth to
a household of type n, ∆n and φn are n’s implicit first-period labor wedge and borrowing
wedge, and WTP t

n is the vector of n’s marginal willingness to pay for period t government
expenditures on each good, in period t dollars. The changes in first-period employment and
profits are in turn given by

pµdl1 “ l1L1
pL1

´

1´ pX1
¯´1

dY 1, pµdπ1 “ pΠ
´

1´ pX
¯´1

dY 1,

dY 1 “

ˆ

I ´ C1
y1

´

l1L1
pL1 ` pΠ1

¯´

I ´ pX1
¯´1

˙´1

BQ1

(OA91)

Proof. We follow the same steps as the proof of Proposition 3 (see Online Appendix A.4)
up to the substitution of the budget constraint, which now includes profits. With profits,
differentiating the household’s lifetime budget constraint (at constant r1) gives:

p1dc1
n ´ dl

1
n ´ dπ

1
n `

p1dc2
n ´ dl

2
n

1` r1
“ ´dτ 1

n `
dπ2

n ´ dτ̂
2
n ´ dτ

2
n

1` r1
(OA92)

Note that since
ř

n1PN

pΠ2
n1i “ m2

i “ s2
i :

dτ̂ 2
n “

1

µn

ÿ

iPI

˜

pΠ2
ni

M

ÿ

n1PN

pΠ2
n1i

¸

s2
i dQ

2
i “

1

µn
pΠ2
nidQ

2
i “ dπ2

n (OA93)

Substituting in the change in the differentiated budget constraint, we have:

dW “
ÿ

nPN

rλnµn

«

´∆ndl
1
n ` φn

`

p1dc1n ´ dl
1
n

˘

` p1´ φnq

ˆ

dπ1
n ´ dτ

1
n ´

dτ2n
1` r1

˙

`

˜

w1
nG

κ1n
dG1 `

ˆ

1´ φn

1` r1

˙

w2
nG

κ2n
dG2

¸ff

(OA94)

For households with non-strictly-binding borrowing constraints, φn “ 0. For households
with φn ą 0, the borrowing constraint s1

n “ l1n ` π1
n ´ τ 1

n ´ p1c1
n implies p1dc1

n ` dτ 1
n “

dl1n ` dπ1
n. Defining the within-period willingnesses to pay WTP t

n “
wtnG
κtn

, we arrive at the

final expression:

dW “
ÿ

nPN

rλnµn

„

´∆ndl
1
n `

ˆ

dπ1
n ´ dτ

1
n ´ p1´ φnq

dτ2n
1` r1

˙

`

ˆ

WTP 1
ndG

1 ` p1´ φnq
WTP 2

n

1` r1
dG2

˙

(OA95)

Finally, the expressions for dl, dπ, dY come from rearranging Equation OA65 under assump-
tion 8 and using dY “ p1´ pXqdQ.

Studying Equation OA90 reveals a key insight: Under assumptions 7 and 8, the change in
welfare due to a change in taxes and expenditures is the same as in an as-if economy without
profits but where share-holders supply labor with a wedge ´1. This labor supply wedge cor-
responds to complete under-employment; share-holders—who experience no marginal disu-
tility of holding shares—would continue to be willing to hold shares until profits-per-revenue
reached zero. Just like labor suppliers, share-holders do not choose their income but rather
take it as given. This as-if representation of profits as under-employed labor allows us to
carry over all of the results from Section 4 with minimal alterations.
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Proposition 14. Under assumptions 2, 7, and 8, the welfare change from a change in
expenditures is proportional to the resulting change in output, whereas the welfare change
from a change in transfers is proportional to the resulting change in income. Formally,

dW “ ~1T
dY 1

dG
dG`~1T

dpl ` πq1

dy1

ˆ

´pµdτ 1
´

pµdτ 2

1` r1

˙

(OA96)

where dY 1

dG1 “ p1 ´ C1
y1R

1q´1 and dY 1

dG2 “ 0 are first-period output multipliers and dpl`πq1

dy1
“

p1 ´ R1C1
y1q

´1 is the first-period income multiplier; here R1 “

´

l1L1
pL1 ` pΠ1

¯´

I ´ pX1
¯´1

.

Moreover, if relative to some income incidence y˚, mnext
n “ Ey˚rmn1s for all n, where mnext

i ”
´

mR1C1
y1 pm

´1
¯

i
,50 then under assumptions 2, 7, and 8,

dW “

ˆ

~1`
1

1´ Ey˚rmns
m

˙T ˆ

R1dG1
´ pµdτ 1

´
pµdτ 2

1` r1

˙

(OA97)

Proof. Reinterpret profit income as labor supply with wedge ´1, as discussed above. The
proof then follows from Online Appendices A.6 and A.7.

Key here is that assumption 2’s imposition that all marginal labor supplies have a labor
supply wedge of ´1 matches with the shareholders’ implicit labor supply wedge of ´1 –
both are indifferent to supplying more of their factor. Thus, there is zero social cost to any
marginal employment, so the optimal policy maximizes output. As without markups, the
output-maximizing policy targets MPC when bias and homophily effects are absent.

B.7.3. First-order conditions for optimal policy

The same as-if representation of profits as under-employed labor also allows us to carry
over results from section B.6 to the case of imperfect competition.

Proposition 15. Suppose taxes τ 1˚, τ 2˚ and expenditures G1˚, G2˚ solve the planner’s prob-
lem. Now consider a change in policy τ t “ τ t˚ ` ετ tε , G

t “ Gt˚ ` εGt
ε, indexed by ε. Then,

50As in the main text, this condition corresponds to the the bias and homophily effects (now profit inclusive)
being zero for all output and transfer shocks.
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under assumptions 7 and 8, the following first-order condition holds:

0 “
´

rλT pµWTP 1
´ pγ~1T ` rλT q∆ qR1

q

¯

G1
ε

loooooooooooooooooooooomoooooooooooooooooooooon

Opportunistic government spending

`

´

rλT pµpI ´ pφqWTP 2 ´ γ~1T
¯

G2
ε

1` r1
looooooooooooooooooooomooooooooooooooooooooon

Short-termist government spending

´ prλ´ γ~1qT pµ

ˆ

τ 1
ε `

τ 2
ε

1` r1

˙

loooooooooooooooooomoooooooooooooooooon

Pure redistribution

` rλT
pφpµτ 2

ε

1` r1
looooomooooon

Relaxation of borrowing constraints

´ rλT q∆ qR1
´

I ´ qC1
y1
qR1
¯´1

qC1
y1

ˆ

qR1G1
ε ´ pµτ 1

ε ´
1φn“0pµτ

2
ε

1` r1

˙

loooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooon

Keynesian stimulus (alleviation of involuntary unemployment)

(OA98)

where γ is the marginal value of public funds, qR1 “

«

l1L1
pL1

pΠ1

ff

´

I ´ pX1
¯´1

, qC1
y1 “

“

C1
y1 C1

y1

‰

,

and ∆̌ is the N ˆ 2N matrix with entries q∆n,n “ ∆n, q∆n,N`n “ ´1, and zeros elsewhere.

Proof. This follows from reinterpreting profit income as labor supply with wedge ´1 and
then following the proof of Proposition 13.

Intuitively, the planner targets “profit-wedges” just like labor supply wedges. These
reduce the social cost of government spending and motivate Keynesian stimulus.

Finally, a similar network-irrelevance result holds as in the case without profits.

Proposition 16. Impose Assumptions 7 and 8. Now, suppose that all households rationed
to on the margin at the optimum have no marginal labor disutility, i.e. if pR1C1

y1qn,´ ‰
~0

then ∆n “ 0. Then Equation OA98 holds with respect to variations in first-period transfers
if and only if, for all n P N ,

γ “
rλn

1´mn

(OA99)

Alternatively, suppose that the social gains from first-period government expenditure are equal
to some ṽ across goods and constraints bounding expenditures above zero do not bind. Then
Equation OA86 holds with respect to first-period expenditure variations if and only if, @i P I,

γ “ ṽ `
1

1´ rmi

´

´Ăλ∆i

¯

(OA100)

where m̃i ”
`

mTR1
˘

i
is the rationing-weighted average MPC in the production of good i

and Ăλ∆i ”

´

rλT q∆ qR1
¯

i
is the rationing-and-welfare-weighted average rationing wedge in the

production of good i, for R1 is as in Proposition 14 and qR1 and q∆ are as in Proposition 15.

Proof. This follows from reinterpreting profit income as labor supply with wedge ´1, fol-
lowing Online Appendix A.5, and using ∆n “ 0 for marginal labor-suppliers in the transfer
case.
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C. Additional figures
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Fig. OA1. Histograms of the bias term (left) and homophily term (middle) and overall error terms (right)
from the decomposition in Proposition 2. For all subfigures, the distribution reflects a unit demand shock to
each of the 2805 sector-region pairs, with baseline y˚ given by the income incidence of a shock to demand
proportional to 2012 state-industry GDP.
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Fig. OA2. The left panel shows the scatter plot of worker MPCs against the basket-weighted labor share
of the sectors on which they consume. The right panel shows a scatter plot of worker MPCs against the
basket-weighted MPCs of the labor employed in the sectors producing the goods they ultimately consume.
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Fig. OA3. Left panel: The x-axis gives the output multiplier for a dollar of government spending targeting
each of the 2805 state-industry pairs. The y-axis gives the estimated welfare effect of a dollar of government
spending targeting each of the 2805 state-industry pairs using rationing wedges from the Great Recession.
Right panel: The x-axis gives the population-weighted Great Recession rationing wedge of employees in each
of the 2805 state-industry pairs. The y-axis gives the estimated welfare effect of a dollar of government
spending targeting each of the 2805 state-industry pairs using rationing wedges from the Great Recession.
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